Journal of Academia and Industrial Research (JAIR)
Volume 3, Issue 2 July 2014

RESEARCH ARTICLE

Equality of Relative Elementary and Relative Cohn Orbits

AlB
. 5
1y 105

e o
“ia and 15

ISSN: 2278-5213

Rajeshwar Raosaheb Andhale'* and S.B. Nimse?
'Ramnarain Ruia College, Matunga (East), Mumbai-400 019, India; 2Vice-Chancellor, Lucknow University, Lucknow
andhalerajeshwar@gmail.com*; +91 9869070569

Abstract

We define a special type of transformations called Cohn transformation and relative Cohn transformations.
It is shown that the set of orbits of the action of relative Cohn transformation on all unimodular rows over a
commutative ring is same as the set of orbits of the action of relative elementary transformation on

unimodular rows.
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Introduction

Let R be a commutative ring with 1. The study of the orbit
space of unimodular rows of length r = 3 was begun by
Vaserstein in 1969. He showed that if R is a two
dimensional ring then the orbit space Um3(R)/E3(R) has
an abelian Witt group structure. To prove this theorem,
Vaserstein evolves the study of the action of the
elementary group on an invertible alternating matrix.

The main result which is proved in section 3, Theorem
3.7 is obtained by observing the action of elementary
matrices on an invertible alternating  matrix.
An alternating matrix ¢ is a skew-symmetric matrix
(i.e. T = —¢) with diagonal entries 0.

For instance, for v = (a,b,c)and w = (a' b’ c), L.N.
Vaserstein associates an alternating matrix

0O a b c
vew =20 b
—c b —-a" 0

The study of the action of elementary matrices on an
invertible alternating matrix is directly connected to the
action of the elementary group on the skew completable
odd sized rows.

Materials and methods

2. Preliminaries: In this section we recall a few
definitions, state some results and fix some notations
which will be used throughout this study.

Definition 2.1 A row v = (v;,V,,...,V,) € R"is said to be
unimodular if there are elements w,,ws,,...,w, € Rsuch
that v,w; + v,w, + ---+v,w, =1. Um_(R) will denote
the set of all unimodular rows v € R™.
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The vector w = (w,,W,,...,W,) is said to be related to v if
the inner product (v,w) = 1.

In the n x n matrices there are n?particular matrices that
play a key role. These are called the matrix units,
&j,1 <1i,j <nwhich are defined as follows: e; is the
matrix whose ij-thentry is 1 and all other entries are O.

The General Linear group GL,(R) is defined as the
group of n x n invertible matrices with entries in R.

The Special Linear group is denoted by SL,(R) and is
defined as SL,(R) = {a € GL,(R) : det(a) = 1}.

The group of elementary matrices E,,(R) is a subgroup of
GL,(R) generated by matrices of the form E;;(1) = I, +
Ae;j,where 1 € R,i # jand e;; € M,,(R)is the matrix unit.
Following are some well-known properties of the
elementary generators.

Lemma 2.2 For 4, u € R,

(i) (Splitting Property)E;; (A + p) = E;;(D)E;(w),1 <i =+
js<n

(i) (Commutator Law) [E;;(1), Ej(w)] = Ex(Ap), 1 <i+
J*k<n

In view of the Commutator Law, E,(R)is generated by
{E;;(D),Eq(W): 2<i<mn, A, u€R} AsR is commutative,
E;;(2), i #j,A € R, is invertible with inverse E;;(=1). In
fact, E;;(1) belongs to SL, (R). Hence,

E,(R) € SL,(R) € GL,(R).

If M is ann xn matrix, left multiplication of M by E;;(2)
corresponds to adding a A-multiple of the j** row of M to
the i" row of M, and the right multiplication of M by
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E;j(4) corresponds to adding a 4 - multiple of the ith

column of M to the j** column of M. These are called
elementary transformations.

We say that two vectors v and u in R™ are said to be in
the same elementary orbit if there exist an € € E,(R)
such that ve = u.

Proposition 2.3 (Suslin, 1977)
Letv = (v4,..,v,) € Um,.(R). Letgp : R" > R be a map
such that ¢(e;) = v;, where {e,,...,e,} is the standard
basis of R". Then kernel of ¢ is generated by the set
{vie; —viggl< i <j<r}

Proof: Letu = (uy,..,u,) € R" be such that(u,v) = u-
vIT=1. If w= (w,..,w,) € ker ¢ , then w =
awie = X wi(e;— viu). So {e; — viu,...e —
v,u} generates the kernel of ¢ . But e — vyu =
D=1k Uk (Ve — vie,). Thus the kernel of ¢ is
generated by the set{v;e; — vig;:1 < i < j< r}

Definition 2.4 Letv = (a,,a,, ...,a,),

w = (by,by,...,b,.) € R" with (v, w) = v, w; + v,W, +
et VWL = 1.

We say that the vector

vt = 'UCU(A) = (al,...,ai +Abj,,aj —Abi,...,ar),
forO< i# j<r,isaCohn transform of vw.r.t. the
vector w.

One could write C;;(w, 4) if one wish to specify w, but we
generally refrain from doing so, as the row w being
considered is clear from the context.

We shall say that a row v* is in the Cohn orbit of v if
there is a row w* with (v*,w*) = 1, and a sequence of
pairs, starting with (vy,w,) = (v,w), and ending with
(w,wy) = (v, w*), such that, for i >0, the pairs
(vi41,wi41) has either v, ; as a Cohn transform of v,
w.rt. w;, and w;,.; = w;; or w;,as a Cohn transform of
w; W.r.t. v;, and v, = v;:

ww) = (Wo,wp) = (W, wy) =+ = (v wp) = (W, w).

Results and discussion

3. Equality of Relative Cohn and Relative Elementary
Orbits: In this section we start with the definition of
relative elementary group and relative Cohn
transformation:

Definition 3.1 Let | be an ideal of R. The group E,(l) is
the subgroup of E.(R) generated by the elements
E;(x),xe ,L1<i# j< n . The relative elementary
group E, (R, 1) is the smallest normal subgroup of E,(R)
containing E, (I).
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Also E,(R,I) is generated by the elements
Eij(a)Eji(x)Eij(—a), with a € R, xel and 1< i# ]S
n, provided n > 3.

Definition 3.2 Let I be an ideal of R. A row is said to be
relative unimodular w.rt. I if it is unimodular and
congruent to e; = (4,0,...,0)modulo I. Um,(R,I) denote
the set of all relative unimodular rows w.r.t. I of length n.
If I = R, then Um,(R,I) is Um,(R).

Definition 3.3 Let I be an ideal of R.

Letv = (ay,4a;,...,a,), w = (by,by,...,b,) € R™ with
(v,w) = 1land viscongruentto e; modulo . We say
that the vector

vt = vl (1) = (a, +1b;, ..
2<i<n el

,a; —Aby,...,a,), for

is a Relative Cohn transform of v w.r.t. the vector w.
We denote it with RC;;(4). Thus

RCy () = {Cij(/l) if i'= 107jj =landA€ I

CijA)ifi# 1j+ landA€ R
Lemma 3.4 (Suslin, 1977; Corollary 1.2)
Letn> 3and I be an ideal of R. Letv e R* and w € ["
be such that (w,v) = 0. Ifw; = 0, forsome 1< i < n,
then I, + v* w € E,(R,I).

Lemma 35 Let n> 3 and [ be an ideal of R .
Let ve Um,(R) and w e ™ such that (w,v)= 0.
Then I, + vtw e E,(R,]).

Proof: Letv = (vy,v,,...,v,) € R" and

w = (W, wy,...,w,) €I" Letu = (uy,uy,...,u,) € R"
such that v,u, + vyu, +-- + v,u, = 1.Using Lemma
2.3, we get,

n
w = Zwiei = Zvj(wiuj - Wjui)ei

i#j

i=1
Z(Wiuj - Wjui)(vjei - viej)

i<j

= Zaij(vjei - viej)

i<j

where a;; € I. Now

I, + vitw = [, + Z a;; vt (vie; — vie))
i<j
= n(ln_'_ a;;vt(vie; — ve)))
i<j

By Lemma 3.4, each term appeared in the above product
isin E,(R,I). Hence the result:
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Lemma 3.6 Letv,,v,,w ER",n > 3.

If v;,v, € Um,(R,I) and (v;,w) = 1 =(v,,w), then
there existse € E, (R, I) such that v; = v,¢, and with
wel™h = w.

Proof: Since(v;,w) = 1 = (v,,w ), we have
(v,—v,w)= 0 =(w,v,—v,).By Lemma 3.5, ¢ =
(vz—vl)Tw € E,(R,I). Clearly v,e =
w(l, + w; —v,)) = w.

I+
-1
v,, and weT =

Theorem 3.7 The relative elementary orbit vE,(R,I) of
v € Um,(R,I) coincide with the relative Cohn orbit of
vforn> 3.

Proof: Suppose v* is in the relative Cohn orbit of v. Then
there is a row w* with (v*,w*) = 1, and a sequence of
pairs, starting with (vy,w,) = (v,w), and ending with
(w,wy) = (v, w*), such that, for i > 1, the pairs
(vi41,W;4q) has either v, , as a relative Cohn transform
of v; w.r.t. w;, and w; ; =w; or w,, as a relative Cohn
transform of w; w.r.t. v;, and v;,; = v;:

w,w) = (o, wp) = (v, wy) = - = (VW) = (W, w7).

By Lemma 3.6, v, v, are in the same relatively
elementary orbit and w,,w, are in the same relatively
elementary orbit. It follows inductively that v*e€
vE, (R, 1), i.e. relative Cohn transforms lie in the same
relative elementary orbit.

Conversely, any relative elementary transformation of a
row can be obtained by means of a sequence of relative
Cohn transforms with respect to some suitable rows.
Let v =(a;,ay,...,a,) and w = (by,b,,...,b,). Then for
1<i#j<nA€ Rx€I,

vy = vRC;(A) = (a1+/1bj,a2,...,aj— Abl,...,an)
w, = w
UV, = 1
w, = W1RCij(1)
= (by,...b;+a;— Aby,...b;— a;, ..., b,)
vy = V,RC;;(=2)
= (a, + Abj — A(b; — a;),a,...,a; — Ab,
+Abs, ..., ay)
= (ay + Aa;, a3, ...,ay) = VE; (1)
Wz = W,
v, = vs
w, = w3RC;;(=1)
= (by,...bi+a;j— Ab; —q;,...bj—a; + a;, ..., by)
= (by,...b;— Aby,..,b,) = wE;;(=2)
vs = VU4RC;(x)
= (a1 + Aa;, ..., q +xbj,...,aj — xb;+ Ax by, ... ,an)
Ws = W,
Ve = Vs
We = WSRCL-J-(].)
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= (by+ @y — xb;+ Axby,...,b;— Aby,...b; — a,
— Aa;, ..., by)
v; = vgRC;(=1)

= (a; + Avy, ., v+ XU+ AX Uy, L, V)
= VE;; (A)Eq;(x)

W; = We

Vg = Uy

wg = w;RC;(-1)
= (b, — xb; + Ax by,...,b; — Aby,..., b,)
= vE;;(=A)E;;(—x)

vy = vgRC;;(=2)
= (a1 + Aa; - Abj,...,ai + xa, + Ax aj, ..., a4 +

A(by — xb; + Ax b)), ..., a,)

Wy = Wg

Vio = Vo

wip = WeRC;;(—1)

= (by - xb; + Ax by,...,b;= Aby - (a; - Ab; —
Axb; — 22 xb;), .., b; + (a; + xa, +
Ax @), .. ,by)
V11 = V10RC1j(/1)

= (a; + xa, + *xqa;,..,a; + xa, + Ax a;,..,a,)
= VE; (DE;(x)E; (=2)

Wi1 = Wy

Viz = V11

Wiz = W11RCij(1)
= (b1 - xbi + Ax bl! ’bi + Ax bi + /12x bi' vy bn)

= WE;(—A)E;; (—x)E;(2)

Thus, we have proved that a relatively elementary
transformation of a row can be obtained by means of a
sequence of relative Cohn transformation w.r.t. some
suitable rows. This completes the proof.

Conclusion

We established that the set of orbits of the action of
relative Cohn transformation on all unimodular rows over
a commutative ring is same as the set of orbits of the
action of relative elementary transformation on
unimodular rows.
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