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Abstract 
We define a special type of transformations called Cohn transformation and relative Cohn transformations.  
It is shown that the set of orbits of the action of relative Cohn transformation on all unimodular rows over a 
commutative ring is same as the set of orbits of the action of relative elementary transformation on 
unimodular rows.  
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Introduction 
Let R be a commutative ring with 1. The study of the orbit 
space of unimodular rows of length r ≥ 3 was begun by 
Vaserstein in 1969. He showed that if R is a two 
dimensional ring then the orbit space Um3(R)/E3(R) has 
an abelian Witt group structure. To prove this theorem, 
Vaserstein evolves the study of the action of the 
elementary group on an invertible alternating matrix. 
 
The main result which is proved in section 3, Theorem 
3.7 is obtained by observing the action of elementary 
matrices on an invertible alternating matrix.  
An alternating matrix φ  is a skew-symmetric matrix  
(i.e. φ୘ 		= 	−φ) with diagonal entries 0. 
 
For instance, for ݒ	 = 	 (ܽ,ܾ, ܿ) and ݓ	 = 	 (ܽ′,ܾ′, ܿ′) , L.N. 
Vaserstein associates an alternating matrix 
 

(ݓ,ݒ)ܸ = 	 ቌ
0 ܽ
−ܽ 0

ܾ ܿ
ܿ′ −ܾ′

−ܾ −ܿ′
−ܿ ܾ′

0 ܽ′
−ܽ′ 0

ቍ 

 
The study of the action of elementary matrices on an 
invertible alternating matrix is directly connected to the 
action of the elementary group on the skew completable 
odd sized rows. 
 
Materials and methods 
2. Preliminaries: In this section we recall a few 
definitions, state some results and fix some notations 
which will be used throughout this study. 
 
Definition 2.1 A row v = (vଵ, vଶ, … , v୬) ∈ R୬is said to be 
unimodular if there are elements wଵ, wଶ, … , w୬ ∈ Rsuch 
that 	vଵwଵ + 	vଶwଶ + 	⋯+ v୬w୬ = 1 . Um୬(R)  will denote 
the set of all unimodular rows v ∈ R୬. 
 

 
The vector w = (wଵ, wଶ, … , w୬) is said to be related to v if 
the inner product 〈v, w〉 = 1.  
 
In the n x n matrices there are nଶparticular matrices that 
play a key role. These are called the matrix units, 
e୧୨ , 1 ≤ ݅, ݆ ≤ ݊	which are defined as follows: e୧୨  is the 
matrix whose ij-thentry is 1 and all other entries are 0.  
 
The General Linear group (ܴ)௡ܮܩ	  is defined as the 
group of ݊ × ݊ invertible matrices with entries in R. 
 
The Special Linear group is denoted by ܵܮ௡(ܴ) and is 
defined as ܵܮ௡(ܴ) = ߙ} ∈ (ܴ)௡ܮܩ ∶ det(ߙ) = 1}.	 
 
The group of elementary matrices ܧ௡(ܴ) is a subgroup of 
(ߣ)௜௝ܧ ௡(ܴ) generated by matrices of the formܮܩ = ௡ܫ +
௜௝݁ߣ	 ,	where ߣ ∈ ܴ, ݅ ≠ ݆	and ݁௜௝ ∈  .௡(ܴ)is the matrix unitܯ
 
Following are some well-known properties of the 
elementary generators. 
 
Lemma 2.2 For ߣ, ߤ ∈ ܴ, 
(i) (Splitting Property)ܧ௜௝(ߣ + (ߤ	 = ,(ߤ)௜௝ܧ(ߣ)௜௝ܧ 1 ≤ ݅ ≠

݆ ≤ ݊	 
(ii) (Commutator Law) ൣܧ௜௝(ߣ), ൧(ߤ)௝௞ܧ = 	 ,(ߤ	ߣ)௜௞ܧ 1 ≤ ݅ ≠

݆ ≠ ݇ ≤ ݊	 
 
In view of the Commutator Law, ܧ௡(ܴ)is generated by 
2		:(ߤ)௜ଵܧ,(ߣ)ଵ௜ܧ} ≤ ݅ ≤ ݊, ,ߣ ߤ ∈ ܴ}.		As R is commutative, 
,(ߣ)௜௝ܧ ݅ ≠ ݆, ߣ ∈ ܴ,		is invertible with inverse ܧ௜௝(−ߣ).  In 
fact, ܧ௜௝(ߣ) belongs to ܵܮ௡(ܴ). Hence,  
(ܴ)௡ܧ ⊆ (ܴ)௡ܮܵ ⊆  .(ܴ)௡ܮܩ
 
If M is an	݊ × ݊ matrix, left multiplication of M by ܧ௜௝(ߣ) 
corresponds to adding a ߣ-multiple of the ݆௧௛ row of M to 
the ݅௧௛  row of M, and the right multiplication of M by 
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(ߣ)௜௝ܧ  corresponds to adding a ߣ  - multiple of the ݅௧௛ 
column of M to the ݆௧௛  column of M. These are called 
elementary transformations. 
 
We say that two vectors ݒ and ݑ in ܴ௡ are said to be in 
the same elementary orbit if there exist an ߝ ∈  (ܴ)௡ܧ
such that ߝݒ =  .ݑ
 
Proposition 2.3 (Suslin, 1977) 
Let ݒ = ,ଵݒ) … (௥ݒ, ∈ 	ܷ݉௥(ܴ). Let ߮	 ∶ 	ܴ௥ → 	ܴ be a map 
such that ߮(݁௜) 	= 	 ௜ݒ , where {݁ଵ, … , ݁௥}  is the standard 
basis of ܴ௥ . Then kernel of ߮  is generated by the set                 
௝݁௜ݒ}	 	− ௜ݒ	 ௝݁:	1 ≤ 	݅	 < 	݆ ≤  .{ݎ	
 
Proof: Let ݑ	 = 	 ,ଵݑ) … (௥ݑ, ∈ 	ܴ௥ be such that〈	ݒ,ݑ	〉 = ݑ	 ⋅
்ݒ	 	= 	1 . If ݓ = 	 ,ଵݓ) … (௥ݓ, ∈ ߮		ݎ݁݇	 , then ݓ	 =
	∑ ௜ݓ

௥
௜ୀଵ ݁௜ 	= 	∑ ௜ݓ

௥
௜ୀଵ (݁௜ .(ݑ௜ݒ	−  So  {݁ଵ 	− ,ݑଵݒ	 … , ݁௥ 	−

{ݑ௥ݒ	 generates the kernel of ߮ . But  ݁௜ 	− 	ݑ௜ݒ	 =
	∑ ௞௥ݑ

௞ୀଵ,௞ஷ௜ ௞ݒ) ௜݁ 	− .(௜݁௞ݒ	  Thus the kernel of φ  is 
generated by the set {v୨e୧ 	− 	v୧e୨:	1 ≤ 	i	 < 	݆ ≤  .{ݎ	
 
 
Definition 2.4 Letݒ	 = 	 (ܽଵ,ܽଶ, … ,ܽ௥), 
	ݓ = 	 (ܾଵ,ܾଶ, … ,ܾ௥) ∈ 	ܴ௥ with 〈ݓ,ݒ〉 = vଵ	wଵ + 	vଶwଶ +
	⋯+ v୰w୰ = 	1	.  
We say that the vector   
∗ݒ 	= (ߣ)௜௝ܥݒ	 	= 	 ൫ܽଵ, … , ܽ௜ 	+ 	ߣ ௝ܾ , … , ௝ܽ 	− ௜ܾ	ߣ , … ,ܽ௥൯, 
for 0 ≤ 	݅ ≠ 	݆ ≤  is a Cohn transform of v w.r.t. the ,ݎ
vector w. 
 
One could write ܥ௜௝(ݓ,  if one wish to specify w, but we (ߣ
generally refrain from doing so, as the row w being 
considered is clear from the context.  
 
We shall say that a row ݒ∗ is in the Cohn orbit of v if 
there is a row ݓ∗ with 〈	ݓ,∗ݒ∗	〉 	= 	1, and a sequence of 
pairs, starting with (ݒ଴,ݓ଴) 	= 	 ,(ݓ,ݒ)  and ending with 
௡ݒ) (௡ݓ, 	= 	 ,(∗ݓ,∗ݒ)  such that, for ݅ ≥ 0 , the pairs 
(௜ାଵݓ,௜ାଵݒ)  has either ݒ௜ାଵ  as a Cohn transform of ݒ௜ 
w.r.t. ݓ௜, and ݓ௜ାଵ =  ௜ାଵas a Cohn transform ofݓ ௜; orݓ		
 :௜ݒ = ௜ାଵݒ ௜, andݒ .௜ w.r.tݓ
 
(ݓ,ݒ) = 	 (଴ݓ,଴ݒ) →	 (ଵݓ,ଵݒ) → ⋯ →	 (௡ݓ,௡ݒ) 	= 	  .(∗ݓ,∗ݒ)
 
Results and discussion 
3. Equality of Relative Cohn and Relative Elementary 
Orbits: In this section we start with the definition of 
relative elementary group and relative Cohn 
transformation: 
 
Definition 3.1 Let I be an ideal of R. The group E୬(I) is 
the subgroup of En(R) generated by the elements 
E୧୨(x), x ∈ 	I, 1 ≤ 	i ≠ 	j ≤ 	n . The relative elementary 
group ܧ௡(ܴ,  (ܴ)௡ܧ is the smallest normal subgroup of (ܫ
containing ܧ௡(ܫ). 

Also ܧ௡(ܴ, (ܫ  is generated by the elements 
,(ܽ−)௜௝ܧ(ݔ)௝௜ܧ(ܽ)௜௝ܧ  with ܽ ∈ 	ܴ ݔ , ∈ ܫ	  and 1 ≤ 	݅ ≠ 	݆ ≤
	݊, provided ݊ ≥ 	3. 
 
Definition 3.2 Let ܫ be an ideal of 	ܴ. A row is said to be 
relative unimodular w.r.t. ܫ  if it is unimodular and 
congruent to ݁ଵ 	= 	 (1, 0, … , 0)modulo ܫ. ܷ݉௡(ܴ,  denote	(ܫ
the set of all relative unimodular rows w.r.t. ܫ of length ݊. 
If ܫ	 = 	ܴ, then ܷ݉௡(ܴ,  .(ܴ)is ܷ݉௡ (ܫ
 
Definition 3.3 Let ܫ be an ideal of ܴ.  
Let ݒ	 = 	 (ܽଵ, ܽଶ, … , ܽ௡), ݓ	 = 	 (ܾଵ,ܾଶ, … , ܾ௡) ∈ ܴ௡ with 
〈	ݓ,ݒ	〉 	= 	1 and ݒ is congruent to ݁ଵ  modulo ܫ. We say 
that the vector 
 
∗ݒ 		= ଵ௜ܥݒ	 (ߣ)	 	= 	 (ܽଵ + ௜ܾߣ , … ,ܽ௜ 		− ,ଵܾߣ … , ܽ௡ 	), for 
2 ≤ 	݅ ≤ ߣ ,݊	 ∈  ܫ	

 
is a Relative Cohn transform of ݒ w.r.t. the vector ݓ.  
We denote it with ܴܥ௜௝(ߣ). Thus  
 

(ߣ)௜௝ܥܴ = ቊ
݅	݂݅	(ߣ)௜௝ܥ = ݆	ݎ݋	1 = ߣ	݀݊ܽ	1 ∈ ܫ	
݅	݂݅	(ߣ)௜௝ܥ ≠ 	1, ݆ ≠ ߣ	݀݊ܽ	1	 ∈ 	ܴ  

 
Lemma 3.4 (Suslin, 1977; Corollary 1.2) 
Let ݊ ≥ 	3 and ܫ be an ideal of ܴ. Let ݒ ∈ ܴ௡ and ݓ ∈  ௡ܫ
be such that 〈	ݒ,ݓ	〉 	= 	0. If ݓ௜ 	= 	0, for some 1 ≤ 	݅ ≤ 	݊, 
then ܫ௡ + ௧ݒ	 ݓ	 ∈ ,ܴ)௡ܧ   .(ܫ
 
Lemma 3.5 Let ݊ ≥ 	3  and ܫ  be an ideal of ܴ .  
Let ݒ ∈ 	ܷ݉௡(ܴ)  and ݓ ∈ ௡ܫ  such that 〈	ݓ, 〈	ݒ = 	0 .  
Then ܫ௡ 	+ ௧ݒ	 ݓ	 ∈ ,ܴ)௡ܧ  .(ܫ
 
Proof: Let ݒ	 = 	 ,ଶݒ,ଵݒ) … (௡ݒ, ∈ ܴ௡ and  
	ݓ = 	 ଵݓ) ,ଶݓ, … (௡ݓ, ∈ ௡ܫ . Let ݑ	 = 	 ,ଶݑ,ଵݑ) … (௡ݑ, ∈ ܴ௡ 
such that ݒଵݑଵ 	+ ଶݑଶݒ	 	+⋯	+ ௡ݑ௡ݒ	 = 1.	Using Lemma 
2.3, we get, 
 

	ݓ = 	෍ݓ௜݁௜

௡

௜ୀଵ

		= 	෍ݒ௝൫ݓ௜ݑ௝ 	− ௜൯݁௜ݑ௝ݓ	
௜ஷ௝

 

						= 	෍൫ݓ௜ݑ௝ ௝ݒ௜൯൫ݑ௝ݓ	–	 ௜݁ 	– ௜ݒ	 ௝݁൯
௜	ழ	௝

 

					= 		෍ ܽ௜௝(ݒ௝݁௜ 	− ௜ݒ	 ௝݁)
௜	ழ	௝

 

 
where ܽ௜௝ ∈  Now .ܫ	

௡ܫ 	+ 		ݓ௧ݒ	 = 		 ௡ܫ 	+ 	෍ ܽ௜௝ݒ௧(ݒ௝݁௜ 	− ௜ݒ	 ௝݁)
௜	ழ	௝

 

																							= 		ෑ(ܫ௡ + 	ܽ௜௝ݒ௧(ݒ௝݁௜ 	− ௜ݒ	 ௝݁))
௜ழ௝

 

 
By Lemma 3.4, each term appeared in the above product 
is in ܧ௡(ܴ,  :Hence the result .(ܫ
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Lemma 3.6 Let ݒଵ,ݒଶ,ݓ ∈ ܴ௡ ,݊ ≥ 	3.   
If ݒଵ,ݒଶ ∈ 	ܷ݉௡(ܴ, 〈	ݓ,ଵݒ〉 and (ܫ 	= 	1	 =  then  ,〈	ݓ,ଶݒ〉
there existsߝ ∈ ,ܴ)௡ܧ ଵݒ such that (ܫ 	= 	  and with ,ߝଶݒ
	షభ்ߝݓ 	=  .ݓ	
 
Proof: Since〈ݒଵ,ݓ	〉 	= 	1	 =   we have ,〈	ݓ,ଶݒ〉
〈	ݓ,ଵݒ–ଶݒ〉 = 	0	 = ,ݓ	〉 	ߝ ,By Lemma 3.5	ଵ〉.ݒ–ଶݒ = 		 ௥ܫ +
	൫ݒଶ–ݒଵ൯

்
ݓ ∈ ,ܴ)௥ܧ 	ߝଵݒ Clearly .(ܫ = 	 	షభ்ߝݓ ଶ, andݒ =

௥ܫ൫ݓ	 + ଵݒ) − ଶ)൯ݒ =  .ݓ
 

Theorem 3.7 The relative elementary orbit ܧݒ௡(ܴ,  of  (ܫ
ݒ ∈ 	ܷ݉௡(ܴ, (ܫ  coincide with the relative Cohn orbit of 
݊ for	ݒ ≥ 	3. 
 
Proof: Suppose ݒ∗ is in the relative Cohn orbit of ݒ. Then 
there is a row ݓ∗ with 〈ݓ,∗ݒ∗〉 	= 	1, and a sequence of 
pairs, starting with (ݒ଴,ݓ଴) 	= 	 ,(ݓ,ݒ)  and ending with 
௡ݒ) (௡ݓ, 	= 	 ,(∗ݓ,∗ݒ)  such that, for ݅ ≥ 	1 , the pairs 
 ௜ାଵ as a relative Cohn transformݒ has either (௜ାଵݓ,	௜ାଵݒ)
of ݒ௜ w.r.t. ݓ௜, and ݓ௜ାଵ =  ௜ାଵ  as a relative Cohnݓ ௜ orݓ
transform of ݓ௜ w.r.t. ݒ௜ , and ݒ௜ାଵ =  :௜ݒ
 
(ݓ,ݒ) = 	 (଴ݓ,଴ݒ) → (ଵݓ,ଵݒ) → ⋯ → (௡ݓ,௡ݒ) 	= 	  .(∗ݓ,∗ݒ)
 
By Lemma 3.6, ݒ଴,ݒଵ  are in the same relatively 
elementary orbit and ݓ଴,ݓଵ  are in the same relatively 
elementary orbit. It follows inductively that ݒ∗ ∈
௡ܧݒ	 	(ܴ,  i.e. relative Cohn transforms lie in the same ,(ܫ
relative elementary orbit. 
 
Conversely, any relative elementary transformation of a 
row can be obtained by means of a sequence of relative 
Cohn transforms with respect to some suitable rows.  
Let ݒ = (ܽଵ,ܽଶ, … ,ܽ௡)  and ݓ = (ܾଵ,ܾଶ, … , ܾ௡).  Then for 
1 < ݅ ≠ 	݆ < ݊, ߣ ∈ ݔ,ܴ	 ∈  ,ܫ	
 
ଵݒ 	= (ߣ)ଵ௝ܥܴݒ		 	= 		 ൫ܽଵ + ߣ ௝ܾ ,ܽଶ, … , ௝ܽ − ,ଵܾߣ	 … , ܽ௡൯ 
ଵݓ =  ݓ		
ଶݒ 	= 		  ଵݒ
ଶݓ =  ௜௝(1)ܥଵܴݓ		
							= 		 ൫ܾଵ, … ,ܾ௜ + ௝ܽ − ,ଵܾߣ	 … , ௝ܾ −	ܽ௜ , … ,ܾ௡൯ 
ଷݒ 	= 		  (ߣ−)ଵ௝ܥଶܴݒ
							= 		 ൫ܽଵ + ߣ	 ௝ܾ − ൫ߣ	 ௝ܾ −	ܽ௜൯,ܽଶ, … , ௝ܽ − ଵܾߣ	

+ ,ଵܾߣ … , ܽ௡൯ 
							= 		 (ܽଵ + ௜ܽߣ	 ,ܽଶ, … ,ܽ௡) =  (ߣ)௜ଵܧݒ	
ଷݓ 	= ଶݓ		  
ସݒ 		= 		  ଷݒ
ସݓ 	=  ௜௝(−1)ܥଷܴݓ		
							= 		 ൫ܾଵ, … ,ܾ௜ + ௝ܽ − ଵܾߣ	 − ௝ܽ , … , ௝ܾ − ܽ௜ + ܽ௜ , … , ܾ௡൯ 
							= 		 (ܾଵ, … , ܾ௜ − ,ଵܾߣ	 … , ܾ௡) =  (ߣ−)ଵ௜ܧ	ݓ	
ହݒ 	= 		  (ݔ)ଵ௝ܥସܴݒ
							= 	 ൫ܽଵ + ௜ܽߣ	 , … ,ܽ௜ + ݔ ௝ܾ , … , ௝ܽ − ௜ܾݔ	 + ,ଵܾ	ݔߣ	 … ,ܽ௡൯ 
ହݓ 	=  ସݓ		
଺ݒ 		= 		  ହݒ
଺ݓ 	=  	௜௝(1)ܥହܴݓ		

						= 	 ൫ܾଵ + 	 ௝ܽ − ௜ܾݔ	 + ,ଵܾ	ݔߣ	 … , ܾ௜ − ,ଵܾߣ	 … , ௝ܾ −	ܽଵ
− ௜ܽߣ	 , … ,ܾ௡) 

଻ݒ =  ௜௝(−1)ܥ଺ܴݒ		
						= 	 (ܽଵ + ௜ݒߣ	 , … , ௜ݒ + ଵݒݔ	 + ௜ݒ	ݔߣ	 , … ,  (௡ݒ
     =  (ݔ)ଵ௜ܧ(ߣ)௜ଵܧݒ	
଻ݓ = ଺ݓ		  
଼ݒ 	= 		  ଻ݒ
଼ݓ 	=  ௜௝(−1)ܥ଻ܴݓ		
							= 	 (ܾଵ − ௜ܾݔ	 + ,ଵܾ	ݔߣ	 … , ܾ௜ − ,ଵܾߣ	 … , ܾ௡) 
							=  (ݔ−)௜ଵܧ(ߣ−)ଵ௜ܧݒ	
ଽݒ 		= 		   (ߣ−)ଵ௝ܥ଼ܴݒ
      = ൫ܽଵ 	+ ௜ܽߣ	 	– ߣ	 ௝ܾ , … , ܽ௜ 	+ ଵܽݔ	 	+ ௜ܽ	ݔߣ	 , … , ௝ܽ +
ଵܾ)ߣ															 − ௜ܾݔ	 + ,(௜ܾ	ݔߣ	 … ,ܽ௡൯ 
ଽݓ 		=  ଼ݓ		
ଵ଴ݒ 	= 		  ଽݒ
ଵ଴ݓ = ௜௝(−1)ܥଽܴݓ		  
									= 	 ൫ܾଵ	– ௜ܾݔ	 	+ ,ଵܾ	ݔߣ	 … , ܾ௜ 	– –	ଵܾߣ	 	൫ ௝ܽ 	– ଵܾߣ	 	−
௜ܾ	ݔߣ																	 ,௜൯ܾ	ݔ	ଶߣ	−	 … , ௝ܾ + 	(ܽ௜ + ଵܽݔ	 +
,(௜ܽ	ݔߣ																														 … ,ܾ௡൯ 
ଵଵݒ = 		  (ߣ)ଵ௝ܥଵ଴ܴݒ
								= 	 (ܽଵ + ଵܽ	ݔߣ	 + 	 ௜ܽ	ݔଶߣ , … , ܽ௜ + ଵܽݔ	 + ௜ܽ	ݔߣ	 , … , ܽ௡) 
								=  (ߣ−)௜ଵܧ(ݔ)ଵ௜ܧ(ߣ)௜ଵܧݒ	
ଵଵݓ 	= ଵ଴ݓ		  
ଵଶݒ 		= 		  ଵଵݒ
ଵଶݓ 	=  ௜௝(1)ܥଵଵܴݓ	
									= 	 (ܾଵ − ௜ܾݔ	 + ,ଵܾ	ݔߣ	 … ,ܾ௜ + ௜ܾ	ݔߣ	 + 	 ௜ܾ	ݔଶߣ , … , ܾ௡) 
									=  (ߣ)ଵ௜ܧ(ݔ−)௜ଵܧ(ߣ−)ଵ௜ܧݓ		
 
Thus, we have proved that a relatively elementary 
transformation of a row can be obtained by means of a 
sequence of relative Cohn transformation w.r.t. some 
suitable rows. This completes the proof. 
 
Conclusion 
We established that the set of orbits of the action of 
relative Cohn transformation on all unimodular rows over 
a commutative ring is same as the set of orbits of the 
action of relative elementary transformation on 
unimodular rows. 
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